In this paper we consider the existence, multiplicity, and nonexistence of positive periodic solutions for n-dimensional nonautonomous functional differential system x ( ) = H( , x( )) − B( )F(x( − ( ))), where ℎ are -periodic in and there exist -periodic functions , ∈ ( , + ) such that ( ) ≤ (ℎ ( , x)/ ) ≤ ( ), ∫ 0 ( ) > 0, for x ∈ + all with > 0, and ∈ , lim → 0 + (ℎ ( , x)/ ) exist for ∈ ; ∈ ( , + ) are -periodic functions and ∫ 0 ( ) > 0; ∈ ( + , + ), (x) > 0 for ‖x‖ > 0; ∈ ( , ) is an -periodic function. We show that the system has multiple or no positive -periodic solutions for sufficiently large or small > 0, respectively.
Introduction
In this paper, we consider the first-order -dimensional nonautonomous functional differential system x ( ) = H ( , x ( )) − B ( ) F (x ( − ( ))) ,
where > 0 is a parameter;
. . , ( )] ;
H ( , x) = [ℎ 1 ( , x) , ℎ 2 ( , x) , . . . , ℎ ( , x)] ⊤ ,
Let = (−∞, +∞) , + = [0, +∞) ,
and for any x = [ 1 , 2 . . . , ] ⊤ ∈ + , the norm of x is defined as ‖x‖ = max 1≤ ≤ | |.
Throughout this paper, we use = 1, 2, . . . , , unless otherwise stated.
For the system (1), we assume that
is an -periodic function, ∈ ( , + ) are -periodic functions, and
( 2 ) ∈ ( + , + ), (x) > 0 for ‖x‖ > 0; ℎ ∈ ( × + , + ), ℎ are -periodic in and there exist -periodic functions , ∈ ( , + ) such that 
In addition, lim → 0 + (ℎ ( , x)/ ) exist for ∈ . We note that in (1) F(x) may have a singularity near x = 0; that is,
2 Discrete Dynamics in Nature and Society
As we well know, the system (1) is sufficiently general to include particular mathematical models which describe multiple population dynamics. Recently, due to the theoretical and practical significance, the existence of positive periodic solution of some particular cases of periodic system (1) has been extensively studied; see, for example, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Cheng and Zhang [1] , Kang and Cheng [2] , Kang et al. [3] , Kang and Zhang [4] , and Liu et al. [5] studied the existence, multiplicity, and nonexistence of positive periodic solutions. The existence of positive periodic solutions of the scalar functional differential equation
has been studied by Wang [6] . By employing behaviours of the quotient ( )/ as → 0 + and → ∞, several interesting results on the existence and nonexistence of positive periodic solutions of (7) have been obtained. In [7] , Weng and Sun studied more general scalar periodic functional differential equation
where the existence theorems of positive periodic solutions of (8) are obtained by employing the behaviours of ( )/ at any point ∈ (0, +∞) and → 0 + , → ∞. The result in [7] generalized and improved those in [6] . O'Regan and Wang [8] investigated the n-dimensional periodic system
By employing behaviours of (x)/‖x‖ as ‖x‖ → 0 + and ‖x‖ → ∞, under quite general conditions, several existence theorems of positive periodic solutions are proved.
A solution x = [ 1 , 2 . . . , ] ⊤ , ∈ of (1) is said to be positive if its all components ( ) are positive; x is said to be -periodic ( > 0) if ( ) = ( + ), ∈ .
Preliminary
Lemma 1 (see [9] ). Let be a Banach space and a cone in . For > 0, define = { ∈ : ‖ ‖ < }. Assume that : → is completely continuous such that
(
( , , ) = 1.
Lemma 2 (see [9, 10] 
Then has at least one fixed point in ∩ (Ω 2 \ Ω 1 ).
In order to apply Lemmas 1 and 2 to system (1), we take = {x ( ) : x ( ) ∈ ( , ) , x ( + ) = x ( ) , ∈ } , (13) endowed with the norm ‖x‖ = max 1≤ ≤ | | 0 , where
Define the operator
by
where
Define a set by
We use the following notations. Let > 0 be a constant, and x ∈ , defining Ω = {x ∈ : ‖x‖ < } , Ω = {x ∈ : ‖x‖ = } ,
Discrete Dynamics in Nature and Society Proof. In view of the definition of , for x ∈ , we have
It is easy to see that ∫
is a constant because of the periodicity of ( ) (x( − ( ))).
Notice that, for x ∈ and ∈ [0, ],
Thus ( ) ⊂ and it is easy to show that : → is continuous and completely continuous. Proof. If x = ( 1 , 2 , . . . , ) ∈ and x = x, then
Thus x is a positive -periodic solution of (1). On the other hand, if x = ( 1 , 2 , . . . , ) is a positive -periodic solution of (1), then ( ) = ℎ ( , x) − ( ) (x( − ( ))) and
Thus, x = x; furthermore, in view of the proof of Lemma 3, we also have
That is, x is a fixed point of in .
Proof. Since x ∈ and (x( )) ≥ ( ) , we have
Thus ‖ x‖ ≥ ( 2 / )‖x‖. The proof is complete.
For each = 1, 2, . . . , , let̂( ) : + → + be the function given bŷ
Lemma 6 (see [11] ). Assume Proof. From the definition of , for x ∈ Ω , we have
That is, ‖ x‖ ≤ ‖x‖. The proof is complete.
The following two lemmas are weak forms of Lemmas 5 and 7.
wherê= min{ (x) : x ∈ + , / ≤ ‖x‖ ≤ }.
wherê= max{ (x) : x ∈ + , ‖x‖ ≤ }.
The Main Results
Theorem 10. Assume that ( 1 )-( 2 ) hold and there exist positive constants 1 and 2 with 1 < 2 such that
then for
the system (1) has at least a positive -periodic solution x( )
Proof. From (32) for satisfying (33) we have that
or
Let x ∈ and ‖x‖ = 1 ; by (16) and (34), we have
That is, ‖ x ‖ ≤ ‖x‖. This implies that ‖ x‖ ≤ ‖x‖ for x ∈ ∩ Ω 1 . If x ∈ and ‖x‖ = 2 , by (16) and (35), we have
This implies that ‖ x‖ ≥ ‖x‖ for x ∈ ∩ Ω 
Proof. The proof of Theorem 11 is similar to that of Theorem 10, so we omit it. The proof is complete.
Theorem 12.
Assume that ( 1 )-( 2 ) hold. 
If F 0 = 0, this implies that 0 = 0. It follows from Lemma 6 that̂0 = 0; therefore, we choose 0 < 2 < 1 so that ( 2 ) ≤ 2 , where the constant > 0 satisfies < 1. By Lemma 7, it follows that , which is positive -periodic solution of (1) for > 0 .
If F 0 = F ∞ = 0, it is easy to see from the above proof that has fixed points
Consequently, (1) has two positive -periodic solutions for > 0 .
(b) Choose a number 1 = 1; by Lemma 9 we infer that there exists a 0 = 1/̂1 > 0 such that
If F 0 = ∞, there exists a component such that 0 = ∞. Therefore there is a positive number 2 < 1 such that
where the constant > 0 satisfies
It follows from Lemma 1 that
, which is positive -periodic solution of (1) for 0 < < 0 .
If F ∞ = ∞, there exists a component such that ∞ = ∞. Therefore there is a positive number̂such that
Hence,
Again, it follows from Lemma 5 that
Thus ( , Ω , which is positive -periodic solution of (1) for 0 < < 0 .
If F 0 = F ∞ = ∞, it is easy to see from the above proof that has fixed points
Consequently, (1) has two positive -periodic solutions for 0 < < 0 .
(c) If 0 = 0, then F 0 > 0 and F ∞ > 0; there exist two components and such that
It is easy to show (see [11] ) that positive numbers , 1 exist such that
Assume y( ) = [ 1 , 2 , . . . , ] is a positive -periodic solution of (1), we will show that this leads to a contradiction for > 0 = / 2 . In fact, if ‖y‖ ≤ 1 , (57) implies that
On the other hand, if ‖y‖ > 1 , then
which together with (58), implies that
Since (y) = y( ), for ∈ [0, ], it follows from Lemma 5 that, for > 0 ,
which is a contradiction. If ∞ = 0, then F 0 < ∞ and F ∞ < ∞; there exist two components and such that 0 < ∞ and ∞ < ∞. It is easy to show (see [11] ) that positive numbers exist such that
Assume that y( ) = [ 1 , 2 , . . . , ] is a positive -periodic solution of (1); we will show that this leads to a contradiction for 0 < < 0 = 1/ . In fact, for 0 < < 0 , since (y) = y( ), we find
which is a contradiction. The proof is complete.
Theorem 13 is a direct consequence of the proof of Theorem 12(c). Under the conditions of Theorem 13, we are able to give explicit intervals of such that (1) has no positive -periodic solution. 
then (1) has a positive -periodic solution.
Proof. (a) If F ∞ > F 0 , then there exist two components and such that 0 < ∞ . It is easy to see that there exists an
Now, turning to 0 and ∞ , there is an 1 > 0 such that
Thus
We have by Lemma 7 that
On the other hand, there is an̂> 1 such that
Let 2 = max{2 1 ,̂/ }. It follows that
Thus (x) ≤ ( ∞ − )‖x‖, for x ∈ Ω 2 and ∈ [0, ]. In view of Lemma 7, we have
It follows from Lemma 1 that 
Remarks
Remark 15. Based on the condition 2 of [8] , we may obtain the inequality sequence of ( ) ≤ ( ) (x) ≤ ( ) , = 1, 2, . . . , .
Comparatively, in terms of condition of 1 presented in this paper, we have the inequality sequence of ( ) ≤ ℎ ( , x) ≤ ( ) , = 1, 2, . . . , ;
it is clear that result of this paper can be applied to even more wider domain. Additionally, an extra requirement of 0 < < (x) < , 
and then
we can obtain the formula of ℎ 1 ( , x) = 1 ( ) (2 + sin 1 ) 1 , ℎ 2 ( , x) = 2 ( ) (2 + cos 2 ) 2 .
According to condition 1 , the formulas would be further achieved as 
However, there do not exist > 0 such that 0 < < 1 ( 1 ) = (2 + sin 1 ) 1 .
Therefore, function of ( , x) = ( ) (x) cannot satisfy the conditions proposed in [8] .
